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Abstract
The main purpose of this paper is to show that a normalized non-steady gradient Ricci
soliton (M, g, f, λ) of dimension n is trivial if and only if its scalar curvature S satisfies the
equality S = λ
(
f + n
2
)
.
1 Introduction
A one-parameter family of Riemannian metrics g(t) on a smooth manifold M is a solution of the
Ricci flow equation if
∂
∂t
g (t) = −2Ricg(t) (1)
where Ricg(t) is the Ricci curvature of g (t) .
A solution g(t) of the Ricci flow on M is said to be a self-similar solution if there exist a
positive function σ (t) and a one-parameter family ψ (t) of diffeomorphisms of M such that the
one-parameter family of metrics g (t) = σ (t)ψ (t)∗ g (0) satisfies equation (1). Here ψ (t)∗ stands
for the pullback along the diffeomorphism ψ (t) .
Given a Riemannian manifold (M,g) , it can be shown that for any self-similar solution g (t) of
the Ricci fow, with the initial condition g (0) = g, there exists a vector field X on M and a constant
λ satisfying the equation
Ric+
1
2
LXg = λg, (2)
where Ric is the Ricci curvature of g and LXg is the Lie derivative of g in the direction of X.
Conversely, given a vector field X on M satisfying (2) for some constant λ, it can be shown that
X generates a one-parameter family ψ (t) of diffeomorphisms so that the one-parameter family of
metrics
g (t) = (1− 2λt)ψ (t)∗ g
is a self-similar solution of the Ricci flow given by equation (1). For more details about this
correspondence, see for instance [2].
Given a Riemannian manifold (M,g) and a vector field X onM satisfying equation (2) for some
constant λ, we say that the quadruple (M,g,X, λ) is a Ricci soliton. It is called shrinking if λ > 0,
steady if λ = 0, and expanding if λ < 0.
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2 Preliminaries
If X is the gradient ∇f of some function f on M with respect to the metric g, then (M,g, f, λ) is
called a gradient Ricci soliton. Since the divergence of a vector field X is defined as
divX =
1
2
trace (LXg) ,
and since the hessian of a function f with respect to g is defined as Hess f = divX, it follows that
for a gradient Ricci soliton (M,g, f, λ) , equation (1) states the form
Ric+Hess f = λg. (3)
If f is constant, we say that the soliton is trivial. In this case, (M,g) becomes an Einstein
manifold.
On the other hand, if (M,g,X, λ) is a Ricci soliton, then by tracing (2), we get
S + divX = nλ, (4)
where S denotes the scalar curvature of g. In the particular case of a gradient Ricci soliton
(M,g, f, λ) , we get
S +△f = nλ (5)
We also have the following well known identity that follows from the second Bianchi identity
∇S = 2div (Ric) (6)
For a gradient Ricci soliton (M,g, f, λ) , by using (2) and (6), we easily get
S + |∇f |2 = 2λf + c, (7)
where c is a constant.
If (M,g, f, λ) is a non-steady gradient Ricci soliton, then one can replace f by f − c2λ to obtain
S + |∇f |2 = 2λf (8)
In this case, we say that (M,g, f, λ) is a normalized gradient Ricci soliton.
If λ1, . . . , λn are the eigenvalues of the Ricci (1, 1)-tensor, we define the squared norm of Ric as
|Ric|2 =
n∑
i=1
λ2i
In a similar way, we define the squared norm |Hess f |2 of the hessian of f to be the squared
norm of the operator ∇∇f.
Using the Cauchy–Schwarz inequality, we get
|Ric|2 ≥
S2
n
(9)
2
We finally turn our attention to the following formulas, quoted from [3], which will be useful
for us in the next sections.
△S − g (∇S,∇f) + 2 |Ric|2 = 2λS (10)
1
2
△
(
|∇f |2
)
= |Hess f |2 −Ric (∇f,∇f) (11)
In fact, it should be noticed that formula (11) is nothing but the well known Bochner’s formula
adapted to gradient Ricci solitons.
3 Gradient Ricci solitons satisfying the equality S = λf + c
Theorem 1 Let (M,g, f, λ) be a normalized non-steady gradient Ricci soliton of dimension n,
which satisfies an equality of the form S = λf + c, for some constant c. Then, we have
|Ric|2 = λ2
(
2f −
n
2
)
+ λc, (12)
|Hess f |2 = λ
(n
2
λ− c
)
(13)
Proof. Note first that, from the equality S = λf+c, we have ∇S = λ∇f and △S = λ△f . Taking
into account these quantities, we see that (10) becomes
λ△f − λ |∇f |2 + 2 |Ric|2 = 2λ (λf + c) (14)
On the other hand, by substituting the value S = λf + c into (5) and (8), then we get
△f = nλ− λf − c, (15)
and
|∇f |2 = λf − c, (16)
respectively.
By replacing (15) and (16) in (14), we easily obtain (12).
Similarly, we derive (13) just by replacing (15) and (16) in the adapted Bochner’s formula (11)
and taking into account the following formula which is nothing but formula (6).
Ric (∇f,∇f) =
1
2
g (∇f,∇S) .
Remark 2 It is remarkable that, adding equations (12) and (13) gives the equation
|Ric|2 + |Hess f |2 = 2λ2f (17)
3
4 Main result
We are now in position to prove our main result. Its proof will rely in a very strong way on the
formulas (12), (13), and (17).
Theorem 3 Let (M,g, f, λ) be a normalized non-steady gradient Ricci soliton of dimension n, and
let S denote the scalar curvature of M. Then, (M,g, f, λ) is trivial if and only if S = λ
(
f + n2
)
.
Proof. Assume first that (M,g, f, λ) is trivial. In this case, we deduce from (5) and (8) that
S = nλ and f = n2 , respectively. Therefore,
S = λ
(
f +
n
2
)
.
Conversely, assume that
S = λ
(
f +
n
2
)
.
Then, with c = n2λ, we deduce from (13) that |Hess f | = 0. It follows from (17) that
|Ric|2 = 2λ2f.
Now, by using (9), we have
2λ2f = |Ric|2 ≥
S2
n
=
λ2
(
f + n2
)2
n
,
from which we get that
2nf ≥ f2 +
n2
4
+ nf,
or equivalently
0 ≥
(
f −
n
2
)2
.
Therefore f = n2 , namely (M,g, f, λ) is trivial.
Theorem 5 below will provide a good example of a non-trivial (M,g, f, λ) . But, let us first turn
our attention to a related result which was first proved in [1]. We give here a very short and simple
proof of it.
Theorem 4 Let (M,g, f, λ) be a compact shrinking gradient Ricci soliton of dimension n. If the
scalar curvature S is solution of the poisson equation △S = σ, where σ = λ (nλ− S) , then either
(M,g, f, λ) is trivial or λ ≥ λ1, where λ1 is the first eigenvalue of the Laplacian △.
Proof. Since
△S = σ
= λ (nλ− S) ,
we get
−△ (nλ− S) = λ (nλ− S) (18)
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If S is constant, it follows from (18) that S = nλ. By substituting this into (5), we get
△f = nλ− S = 0.
Since M is compact, we deduce that f is constant, that is, (M,g, f, λ) is trivial.
If S is not constant, then we see from (18) that λ is an eigenvalue of the Laplacian △. Conse-
quently, we have λ ≥ λ1.
Theorem 5 Let (M,g, f, λ) be a compact normalized shrinking non-trivial gradient Ricci soliton
of dimension n. If the scalar curvature S is solution of the poisson equation △S = σ, where
σ = λ (nλ− S) , then λ is an eigenvalue of the Laplacian △ and S = λf + c, for some constant
c 6= n2λ.
Proof. Since (M,g, f, λ) is not trivial, it follows that S is not constant. Therefore, as in the proof
of the above theorem, we deduce that λ is an eigenvalue of the Laplacian △.
On the other hand, by (5), we have
△S = λ (nλ− S)
= λ△f
In other words, we have
△ (S − λf) = 0.
Since M is compact, we deduce that S − λf = c for some constant c. By Theorem 3, we shoud
have c 6= n2λ.
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